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Introduction

Monte Carlo (MC) simulations In positron emis-
sion tomograph y (PET) play an imp ortant role iIn
detector modeling and algorithm testing. Nowa-
days, these simulation are also increasingly used for
scatter correction during reconstruction. This can
be done ideally by using MC simulations to calcu-
late the system matrix including scatter (full ma-
trix approac h). Another approach to Iincorp orate
MC simulations Into the reconstruction Is using a
MC based projector and atten uation based back-
pro jector, avoiding the storage of the matrix (dual
matrix (DM) approach). It appears desirable to
compare these two metho ds for PET and investi-
gate the reconstruction accuracy In the light of MC
noise. For this purp ose a metho d to estimate the er-
ror intro duced by the matrix, the sinogram or the
pro jector based on rep eated simulations with dier-

ent MC seedsis intro duced. Simulations of a single
rng scanner (due to storage limitations) were per-
formed.

Geometry and Monte Carlo simulations

ldeal one-ring scanner with
0:645cm width and 2?2 =
824cm. Phartom: 80 80 1
voxelswith 40 40 0:645cn?.
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The simulatedphartom wascylindricalwith densiy O(outside),

0.1,1(cylinder),and 2 g=cm® and an activity distribution with

the activity ratios O(outside):1(cylinder):3:5:10.ne usedfast

parallelizeding-PET MC cade YaPRA concetrated on phan-

tom scatter and usedideal detectorphysics: No deadtime

sinmulation, ideal energyresolutionwith detectionof photons
350keV, no singlessinulation.

Sinograms and system matrices

The sinogranmwas sinmulated without usingvariancereduction
techniqueswith 5 1@ emissionghigh statistics)and1 1C¢
emissiorlower statistics whid correspndsroughlyto 5and30
min-scanwith (average)o Becquerel/minitially. The system
matricesincluding scatter (M ) were calculatedwith 160000,
40000,and 10000emissiorper voxel usingthe variancereduc-
tion tedniquesstrati cation andforceddetection.The scatter-
freematrix (A) wassinulatedwith 160000emissiorper voxel
usingthe samevariancereductiontednigues.

Reconstruction

The imageswereeitherreconstructedisingthe ML-EM algo-
rithm with a matrix M of di erent statistics(full matrix ap-
proad) or usingthe atteruation only matrix A in the badk-
projector and a forward projector P includingMC scatteres-
timates basedon the previouslyreconstructedctivity x ) at
iteration number k (DM-approaf). In both casesa uniform
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The forward scattersinulation was performedwith a fraction
p = 0:00% 0:00010:000010f the reconstructecmissionx .
A normalizatiorwith 1=passuredhe correctscatterfractionin
the projector.

Evaluation

In orderto quartify the closenes® the true solutionx'™€ the
normalized root mean squared error (NRMSE) of
the reconstructedmagesvascalculatedor ead iteration step.
The error intro duced by the matrix was estimated
by simulating matrices using dieren t MC seedsbut
the sameactivity. The sameapproab wasusedto estimatethe
sinogramnducederror. In both case® simulationswererun.
In this way, for eat Iiteration stepk andead voxeli the vari-
ance (k) causedy the noisein the matrix (sinogram)could
be calculated.
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xi(k) meanvalueof voxel at iterationk
In the caseof the DM reconstructiorthreesource®f error ex-
Ist: the sinogramthe matrix A, andthe MC scatterprojection
(leadingto the sinograns®). Thein uenceof eah sourcecan
be measureagainby varyingthe seedfthe correspndingMC
sinulation and keepinghe two otherseed€onstan

Analogouslyo the NRMSE,a measurdor the total inducecder-
ror (normalized root mean variance ) canbe introduced:
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Fig.1 (sinogramwith 5 10 emission)and Fig.2 (1 1C
emissionsghav the NRMSE curwes for matricesof di erent
statistics. In addition a measurdor the introducederror (the
NRMYV) Is shavn. The sinogramnducedaswell asthe matrix
Inducederroris monotonouslyncreasin@sthe in uenceofthe

NRMV (k) = 2(k); Ny = number of voxels

startingimageis decreasingl' he matrix inducederrorbecame

comparabldgo the sinograminducederror in the caseof the
10000-matrix. This matrix could be calculatedn lessthan 4
minuteson a 16 processocluster.
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Fig. 1: Error vs. iteration number for full matrix reconstruc-
tions with dieren t statistics as indicated. The R-R graph shows the
NRMSE when using a starting image with random voxels x; 2 [O; 2]
Instead of a uniform image with voxels X; 1. The sinogram was
simulated with 5 10° emissions in total.
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Fig. 2: Error vs. iteration number for full matrix reconstructions of
a sinogram simulated with 1 10° emissions in total and matrices of
di eren t statistics.

In Fig.3 the NRMSE of the full matrix and DM approab can
be seen.Thedi erencein the 10 000-160000curwesof the full
matrix approab aremostlydueto di erent statisticsof unscat-
teredcourts. Di erencesof the DM NRMSEIis dueto di erent
scatterstatistics.
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Fig. 3: NRMSE for full matrix reconstructions and DM reconstruc-
tions. Sinogram 5 10° emissions.

In Fig.4the NRMSEandNRMV(sinogramattenuationmatrix
A and forward MC scatter)is shavn for reconstructionsvith
dierent p. The forward MC scatterinducederror Is rather
smalldueto the very smallscatterfractionof the idealonering
scannel4.2%) and shavs characteristicnoiselike uctuations
dueto the MC projector. In scannersvith higherscatterfrac-
tionsanincreasen the NRMV andanincreas®fthe amplitude
of the uctuations canbe expected.
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Fig. 4. NRMSE and NRMV of DM reconstruction with matrix A
for the sinogram with 5 10° emissions and dieren t fractions of
simulated forw ard scatter.
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In Fig.5 the voxel dependencyof the error( | = 2) of the

sinogramnducedandmatrix M inducecerrorcanbeseen.The
relative erroris ;=x;.

(a) sinogram- : absolute (left),
relativ e (righ t); 160,000-matrix

(b) matrix- M- : absolute (left),
relativ e (righ t); 10,000-matrix

Fig. 5: -images of full matrix reconstructions at iteration with
minimal NRMSE with 5 10° simulated emission for the sinogram
(white big error, black small error)

While the absoluteerrorincreasewith higheractivity, the rel-
ative errordecreasesdl his behavior canbe seerfor all kinds of
Inducederror: sinogrammatrix M aswell as(seeFig.6) ma-
trix A andforward MC. The relative error of the forward MC
Inducederror (Fig.6 (b) right) is inhomogeneoushtructured
outsidethe phartom in contrast to the otherinducederrors.A
densiy dependenh e ect insidethe cylindercouldnot be found.

(a) matrix- A- : absolute (left),
relativ e (righ t); 160,000-matrix

(b) forw ard MC- : absolute (left),
relativ e (righ t)

Fig. 6: -images of DM reconstruction with p = 0:00001 at minimal
NRMSE

Conclusions

A methal to quartify andinvestigatethe propagatiornof error
during a reconstructiorthat useseither MC sinulated system
matricesor MC sinmulatedprojectorswasintroduced.The error
propagationof an onering scannemas investigatedby sim-
ulations. Sinmulationsof this ideal systemshav that the DM

approad Is corvergingfasterinitially in the consideredaseof
a uniform startingimage.
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