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Introduction

Mon te Carlo (MC) simulations in positron emis-
sion tomograph y (PET) play an imp ortan t role in
detector modeling and algorithm testing. Nowa-
days, these simulation are also increasingly used for
scatter correction during reconstruction. This can
be done ideally by using MC simulations to calcu-
late the system matrix including scatter (full ma-
trix approac h). Another approac h to incorp orate
MC simulations in to the reconstruction is using a
MC based pro jector and atten uation based back-
pro jector, avoiding the storage of the matrix (dual
matrix (DM) approac h). It app ears desirable to
compare these two metho ds for PET and investi-
gate the reconstruction accuracy in the ligh t of MC
noise. For this purp ose a metho d to estimate the er-
ror in tro duced by the matrix, the sinogram or the
pro jector based on rep eated simulations with di�er-
ent MC seeds is in tro duced. Simulations of a single
ring scanner (due to storage limitations) were per-
formed.

Methods

Geometry and Mon te Carlo simulations

(a) densit y (b) activit y x true

Ideal one-ring scanner with
0:645cm width and ? =
82:4cm. Phantom: 80� 80� 1
voxelswith 40� 40� 0:645cm3.
(black=small,white=large)

Thesimulatedphantom wascylindricalwith density 0(outside),
0.1,1(cylinder),and2 g=cm3 andan activity distribution with
the activity ratios 0(outside):1(cylinder):3:5:10.The usedfast
parallelizedring-PET MC codeYaPRA concentrated on phan-
tom scatter and usedideal detectorphysics: No dead time
simulation, ideal energyresolutionwith detectionof photons
� 350keV, no singlessimulation.

Sinograms and system matrices

The sinogramwassimulatedwithout usingvariancereduction
techniqueswith 5 � 109 emissions(high statistics)and1 � 109

emission(lowerstatistics)which correspondsroughlyto 5and30
min-scanswith (average)6 Becquerel/mlinitially. The system
matricesincludingscatter(M ) werecalculatedwith 160000,
40000,and10000emissionper voxel usingthe variancereduc-
tion techniquesstrati�cation andforceddetection.Thescatter-
freematrix (A) wassimulatedwith 160000emissionper voxel
usingthe samevariancereductiontechniques.

Reconstruction

The imageswereeither reconstructedusingthe ML-EM algo-
rithm with a matrix M of di�erent statistics(full matrix ap-
proach) or usingthe attenuation only matrix A in the back-
projector and a forward projector P includingMC scatteres-
timatesbasedon the previouslyreconstructedactivity x (k) at
iteration number k (DM-approach). In both casesa uniform
image(x � 1) wasthe starting image.
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with [A]j i � aj i ; [M ]j i � mj i ; [x]i � x i ; [y ]j � yj ;
y? � simulatedsinogram; NL � number of LORs; and

s(k) � sinogramobtainedby scatteronly MC sim. usingx (k)

The forward scattersimulation wasperformedwith a fraction
p = 0:001; 0:0001; 0:00001of the reconstructedemissionsx (k).
A normalizationwith 1=passuredthecorrectscatterfractionin
the projector.

Evaluation

In orderto quantify the closenessto the true solutionx true the
normalized ro ot mean squared error (NRMSE) of
the reconstructedimageswascalculatedfor each iterationstep.
The error in tro duced by the matrix was estimated
by simulating matrices using di�eren t MC seedsbut
the sameactivity. Thesameapproach wasusedto estimatethe
sinograminducederror. In both cases9 simulationswererun.
In this way, for each iteration stepk andeach voxel i the vari-
ance� 2

i (k) causedby the noisein the matrix (sinogram)could
be calculated.
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In the caseof the DM reconstructionthreesourcesof errorex-
ist: the sinogram,the matrix A, andthe MC scatterprojection
(leadingto the sinograms(k)). The in
uenceof each sourcecan
bemeasuredagainby varyingtheseedof thecorrespondingMC
simulation andkeepingthe two otherseedsconstant.

Analogouslyto theNRMSE,a measurefor the total induceder-
ror (normalized ro ot mean variance ) canbe introduced:
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i (k); NV = number of voxels

NE = averagenumber of emissionsper voxel

Results

Fig.1 (sinogramwith 5 � 109 emission)and Fig.2 (1 � 109

emissions)show the NRMSE curves for matricesof di�erent
statistics. In addition a measurefor the introducederror (the
NRMV) is shown. The sinograminducedaswell asthe matrix
inducederroris monotonouslyincreasingasthe in
uenceof the
starting imageis decreasing.The matrix inducederrorbecame
comparableto the sinograminducederror in the caseof the
10000-matrix. This matrix couldbe calculatedin lessthan 4
minuteson a 16processorcluster.
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Fig. 1: Error vs. iteration num ber for full matrix reconstruc-
tions with di�eren t statistics as indicated. The R-R graph shows the
NRMSE when using a starting image with random voxels x i 2 [0; 2[
instead of a uniform image with voxels x i � 1. The sinogram was
simulated with 5 � 109 emissions in total.
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Fig. 2: Error vs. iteration num ber for full matrix reconstructions of
a sinogram simulated with 1 � 109 emissions in total and matrices of
di�eren t statistics.

In Fig.3 the NRMSEof the full matrix andDM approach can
beseen.Thedi�erencein the 10; 000-160; 000curvesof the full
matrix approach aremostlydueto di�erent statisticsof unscat-
teredcounts. Di�erencesof the DM NRMSEis dueto di�erent
scatterstatistics.
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Fig. 3: NRMSE for full matrix reconstructions and DM reconstruc-
tions. Sinogram 5 � 109 emissions.

In Fig.4 theNRMSEandNRMV(sinogram,attenuationmatrix
A and forward MC scatter)is shown for reconstructionswith
di�erent p. The forward MC scatter inducederror is rather
smalldueto the verysmallscatterfractionof the idealonering
scanner(4.2%) andshowscharacteristicnoiselike 
uctuations
dueto the MC projector. In scannerswith higherscatterfrac-
tionsanincreasein theNRMV andanincreaseof theamplitude
of the 
uctuations canbe expected.
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Fig. 4: NRMSE and NRMV of DM reconstruction with matrix A
for the sinogram with 5 � 109 emissions and di�eren t fractions of
simulated forw ard scatter.

In Fig.5 the voxel dependencyof the error (� i =
q

� 2
i ) of the

sinograminducedandmatrix M inducederrorcanbeseen.The
relative error is � i=�x i .

(a) sinogram- � : absolute (left),
relativ e (righ t); 160,000-matrix

(b) matrix- M -� : absolute (left),
relativ e (righ t); 10,000-matrix

Fig. 5: � -images of full matrix reconstructions at iteration with
minimal NRMSE with 5 � 109 simulated emission for the sinogram
(white � big error, black � small error )

While the absoluteerror increaseswith higheractivity, the rel-
ativeerrordecreases.This behavior canbeseenfor all kindsof
inducederror: sinogram,matrix M aswell as(seeFig.6) ma-
trix A and forward MC. The relative error of the forward MC
inducederror (Fig.6 (b) right) is inhomogeneouslystructured
outsidethe phantom in contrast to the otherinducederrors.A
density dependent e�ect insidethe cylindercouldnot be found.

(a) matrix- A-� : absolute (left),
relativ e (righ t); 160,000-matrix

(b) forw ard MC- � : absolute (left),
relativ e (righ t)

Fig. 6: � -images of DM reconstruction with p = 0:00001 at minimal
NRMSE

Conclusions

A method to quantify and investigatethe propagationof error
during a reconstructionthat useseitherMC simulatedsystem
matricesor MC simulatedprojectorswasintroduced.Theerror
propagationof an one ring scannerwas investigatedby sim-
ulations. Simulationsof this ideal systemshow that the DM
approach is convergingfasterinitially in the consideredcaseof
a uniformstarting image.
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